Using previously developed exciton scattering model accounting for the interband, i.e., excitonbiexciton, Coulomb interactions in semiconductor nanocrystals (NCs), we derive a closed set of equations for 2D double-quantum coherence signal. The signal depends on the Liouville space pathways which include both the interband scattering processes and the inter-and intraband optical transitions. These processes correspond to the formation of different cross-peaks in the 2D spectra. We further report on our numerical calculations of the 2D signal using reduced level scheme parameterized for PbSe NCs. Two different NC excitation regimes considered and unique spectroscopic features associated with the interband Coulomb interactions are identified.
I. INTRODUCTION
Coulomb interactions between carriers in semiconductor materials including nanocrystals (NCs) play central role in photoexcited dynamics.
1,2 Introducing conduction and valence bands within mean field (e.g., effective mass) approximation, these interactions can be partitioned into two groups.
3 First group combines the interactions which conserve the number of electrons/holes, and can be associated with the diagonal terms in the electron-hole interaction Hamiltonian. In other words, these interactions are acting within exciton bands of different multiplicity, and therefore, will be referred as the intraband Coulomb interactions. The intraband interactions determine the binding energies of excitons, trions, and multiexcitons. [4] [5] [6] [7] [8] Spectroscopically, these quantities can be measured as energy shifts in transient-absorption and fluorescent techniques. One of the important areas where such interactions are widely exploited is wave-function engineering in semiconductor heterostructures 9, 10 with applications to the problem of the lasing in single-exciton regime.
11
Second group includes off-diagonal electron-hole interaction terms in the Hamiltonian. These interactions lead to the valence-conduction band transitions which change the number of electrons and holes conserving the total charge. In other words, the off-diagonal Coulomb interactions are responsible for the photoexcited dynamics which involves transitions between exciton bands of different multiplicity. Therefore, we refer to such interactions as the interband Coulomb interactions. Important examples involving the interband transitions are non-radiative Auger recombination and impact ionization processes. 12 Lately, carrier multiplication (CM) in semiconductor NCs has received significant attention. [13] [14] [15] [16] [17] Also referred as the multi-exciton generation, this is a process of more than one electron-hole pair generation per absorbed photon which has great potential for applications in photovoltaic, photochemical, and energy storage devices.
18-24
A number of models for CM dynamics based on the interband Coulomb interactions which go beyond simple impact ionization model have been proposed recently.
25-29
Direct experimental technique for measuring interband Coulomb interactions in NCs should greatly advance our understanding of CM by shedding new light on the multiexciton photogeneration dynamics and providing verification of the proposed theoretical models.
Since CM takes place in the region of high exciton and biexciton DOS, key features associated with a variety of the inter-and intraband interactions are spectrally overlapped and cannot be resolved using conventional techniques, e.g., transient absorption and time-resolved fluorescence spectroscopies. In this case, the resolution can be tremendously enhanced by using coherent ultrafast nonlinear techniques in which various interaction pathways are distinguished through the spatial phasematching conditions. 30 Further representing the coherent signal as a 2D Fourier transform polarization with respect to various pulse delay times, one can gain direct insight into the hidden interactions by looking at the position, line-shape, intensity and phase of the associated cross-peaks. [31] [32] [33] [34] [35] The latter techniques are referred as 2D correlation spectroscopies and represent ultrafst optical counterpart of 2D NMR.
36
Among 2D correlation spectroscopies, the doublequantum coherence technique proposed by Mukamel and co-workers is considered to be most sensitive to the manybody correlations. 37 This technique has been applied to study the intrerband Coulomb correlations leading to biexciton formation in organic molecular systems, 38, 39 and semiconductor quantum wells [40] [41] [42] [43] [44] . The application of this methodology to probe interband Coulomb interactions, requires additional theoretical study which is the focus of this paper.
To model nonlinear optical response of coupled exciton-biexciton states, we adopt the exciton scattering model previously developed by us to provide a unified treatment of CM dynamics in semiconductor NCs. 29 To avoid difficulties associated with large number of resonances in the region of high-DOS manifold and to unambiguously identify 2D spectroscopic signatures of the interband interactions, we performed numerical calcula-tions using reduced level scheme with the parameters for PbSe NCs. 45 The paper is organized as follows: In Sec. II, we discuss our general theoretical model for the nonlinear optical response of coupled exciton-biexciton states and spectroscopic features immediately following form the theory. In Sec. III, the numerical calculations of double-quantum coherence signal for PbSe NCs are discussed in details. Finally, we present our conclusions in Sec. IV.
II. NONLINEAR RESPONSE FROM COUPLED EXCITON AND BIEXCITON STATES
Let us consider an ensemble of NCs, in which the carrier dynamics is restricted to the coupled exciton and biexciton manifolds described by the following projected Hamiltonian
Here, the first term,
describes non-interacting exciton, |x a , and biexciton, |xx k , states characterized by the energies ω x a and ω xx k , respectively. These energies already include corresponding binding energies associated with the intraband Coulomb interactions. The second term
represents the interband Coulomb interactions, V
x,xx a,k , between the states. In this paper, we drop the vacuum, |x 0 , to biexciton couplings, V xx,x k,0 , considered in the CM theory, 26, 29 since their contribution to the nonlinear optical response is negligible. Explicit representation for interaction matrix elements, V x,xx a, k , in terms of the singleparticle couplings, and related matrix equations defining the exciton and biexciton states can be found in Ref [29] .
Within the exciton scattering model, coupled exciton and biexciton state propagation is described by the Hilbert space Green function
whose diagonal blocks determine the intraband transitions renormalized by the even-order interband scattering events. Since, these propagators do not change the exciton state multiplicity, we will refer to the associated processes as intraband propagation. The off-diagonal components describe the odd-order interband scattering events changing the exciton multiplicity. As a result, associated processes will be referred below as the interband propagation. A closed set of equations for the Green function based on the scattering matrix formalism is provided in Appendix A. The interaction of coupled exciton and biexciton states with optical field is described by the extended HamiltonianĤ
whereĤ is the material part (Eqs. (1)- (3)). The second term in Eq. (5) contains electric field
which is a sequence of four linearly polarized nonoverlapping ultrafast pulses. The first three pulses excite the third order nonlinear polarization and the fourth one is used to heterodyne the signal. 30 Each pulse is characterized by a wave vector k i and central frequency ω 0 which is set identical for the whole train. We assume impulsive excitation regime, and approximate the envelope functions as E j (t − τ i ) = E 0 δ(t − τ i ), where δ(t − τ i ) is the Dirac delta-function and E 0 is effective amplitude. The latter without lack of generality is set to E 0 = 1.
The dipole moment operator projected on the optical field in Eq. (5) has the following block-matrix form
where the upper (lower) diagonal block describes the interband vacuum-exciton transitions and the intraband exciton (biexciton) transitions. The off-diagonal blocks describe interband exciton-biexciton transitions. Using the sum-over-states approach along with the rotating-wave approximation 34 , we derived the following expression for the nonlinear polarization propagating
containing introduced Hilbert space Green functions, G(t) . In Eq. (8), the dipole operator (Eq. (7)) is partitioned into the sum of two terms,μ =μ + +μ − , describing optical transitions up and down, respectively. 34 ρ = |x 0 x 0 | is the equilibrium density operator for the ensemble of NCs in the vacuum state.
46
The first (second) term in Eq. (8) are associated with the Liouville space pathway schematically depicted by first (second) double-sided Feynman diagram in Fig. (1) . These pathways have been studied before for exciton and biexciton manifolds, where the intraband dipole transitions and the interband propagations are forbidden. 34, 38, 40, 41, 44 However, in NCs these processes should be accounted for and, as shown below, lead to new features in double-quantum coherence signal, which is defined as
Note that for further convenience, the origin of (Ω 3 , Ω 2 ) 2D signal representation is shifted to (ω 0 , 2ω 0 ), where ω 0 is pulse central frequency.
To calculate double-quantum coherence signal according to Eqs. (8) and (9) , one needs to find the Green function (Eq. (4)) by solving numerically set of equations provided in Appendix A. However, this general approach does not give insight into the cross-peak structure. Therefore, we apply a different approach using the following representation for the diagonal blocks of the Hilbert space Green function
Here, complex frequencies,ω ξ = ω ξ −iγ ξ , are the poles of G(ω), representing the eigenfrequencies of the Coulomb coupled exciton and biexciton states. Hereafter, we will refer to these states, |ξ , as the quasiparticle states. Λ
Green function residues determining probability amplitudes for the transition between |x a and |x b (|xx k and |xx l ) states associated with the time evolution of a quasiparticle state |ξ .
Similar expansion for the Green function off-diagonal blocks readŝ
Level diagrams representing optical transition and coherence propagation pathways for the components of doublequantum coherence signal given by Eqs. (13) and (14). Solid arrows represent optically induced transitions while the dashed arrows show coherence propagations during pulse delay times. Notations for the dipole moment elements and transition amplitudes are the same as used in Table I. where Λ
x,xx a,k (ω ξ ) = res{G
x,xx a,k (ω ξ )} are the transition probability amplitudes between exciton, |x a , and biexciton, |xx k , states associated with |ξ . Adopted representation (Eqs. (10)- (12)) provides connection between the spectroscopic resonances determined by the quasiparticle frequencies and exciton/biexciton dynamics described by the associated transition amplitudes.
Number of Interband Propagation Events

Sj qj
Aq j (ωα) Using Eqs. (10)- (12) along with Eqs. (7)- (9), one finds that double-quantum coherence signal can be represented as a sum of eight components
Each component in Eq. (13) can be attributed to specific transition (Liouville space) pathway shown in level diagrams of Fig. 2 . Mathematically, signal components can be represented in the following compact form
Expressions for the coefficients A qj (ω α ) and B qj (ω β ) in terms of the dipole matrix elements and the transition amplitudes are listed in Table I .
According to Fig. 2 , the signal components S 1 and S 2 depend on the transition pathways which comprise only the intraband propagation events following the dipole transition and no interband propagation. This shows up in Table I as the dependence of the associated coefficients A qj (ω α ) and B qj (ω β ) on intraband transition amplitudes Λ x and Λ xx only. The interband transition amplitude, Λ
x,xx , appears in B qj (ω β ) (A qj (ω α )) for the signal components S 3 and S 4 (S 5 and S 6 ) and reflects an interband propagation event in high, i.e, ω β ∼ 2ω 0 , (low, i.e., ω α ∼ ω 0 ) frequency region (Fig. 2) . Finally, the last two components S 7 and S 8 depend on the pathways which involve both high and low frequency interband propagation events (Fig. 2) .
Using Eq. (14) and Table I , a general analysis of the cross-peak structure can be performed. For this purpose, we initially assume that the interband Coulomb interaction is turned off. In this case Λ x,xx = 0, and thus, all signal components vanish except S 1 and S 2 . Further taking into account that Λ
, entering expressions for S 1 and S 2 , become dependent on the unperturbed exciton (biexciton) frequencies, the following two groups of (Ω 3 , Ω 2 )-cross-peaks can be identified: (ω n,c ) due to S 2 (Ω 3 , Ω 2 ). Note, that as a result of the intraband exciton transitions (Fig. 2) , the cross-peaks associated with S 1 depend on the exciton frequency only.
Turning on the interband Coulomb interactions leads to the mixing of the exciton and biexciton states and splitting of ω x a and ω xx k frequencies into quasiparticle frequencies ω ξ . The splitting lead to the appearance of new cross-peaks in all components of the signal. Further analysis of new cross-peaks requires their identification using simplified level structure. Before proceeding with this analysis, we notice that in the important weak Coulomb limit of the exciton scattering model multiple scattering events between coupled states reduce to a single (Born) scattering event.
29 Expressions for double-quantum coherence signal in this limit are derived in Appendix B.
III. NUMERICAL CALCULATIONS AND DISCUSSION
To identify unique signatures of the interband interactions in the 2D spectra, we need to reduce the number of cross-peaks by adopting a reduced level scheme shown in Fig. 3 (b) . Comparison of this model with V x,xx 2 interaction added and generic multi-levle scheme (Fig. 2) (a)
(1)
Biexciton
FIG. 3: Level diagrams for five-level systems reflecting different excitation regimes in NCs: (a) ω0 ≈ 2Eg and (b) ω0 2Eg. Solid arrows show optically allowed transitions and dashed arrows stay for the interband Coulomb interactions. Accordingly, the signal associated with panel (a) has contribution from S1, S2, S3, and S4 pathways shown in Fig. 2 . The signal associated with panel (b) is contributed by S1, S2, S5, and S6 pathways shown in Fig. 2. shows that the former one captures all the transition pathways present in the general case. As a result, doublequantum coherence signal from the five-level system also has eight non-vanishing components explicitly calculated in Appendix C. Obtained expressions (Eq. (C4)-(C6) and Table II ) are used in our numerical calculations. The analysis of the signal can be further simplified by considering two excitation regimes, schematically shown in panels (a) and (b) of Fig. 3 . These regimes are based on specific properties of exciton and biexciton level structure in semiconductor NCs. They also allow one to eliminate the contributions of S 7 and S 8 which include two interband propagation events (Fig. 2) complicating the cross-peak patterns.
We assume that considered semiconductor NCs possess inversion symmetry leading to the parity conservation. We further assume that the lowest exciton state is optically active ("bright") and, thus, has odd parity. Since, the lowest biexciton state is formed from the two lowest exciton states, it has even parity. The interband Coulomb interaction conserves parity and, therefore, does not couple exciton and biexciton states with different parities. Such an exciton and biexciton level structure is realized in lead-salt semiconductors. Therefore, without lack of generality, we adopt the effective mass model based on the k · p-Hamiltonian for PbSe NCs. 45 The diameter of the NCs is set to 5 nm. Since the calculations of the exciton and biexciton binding energies, as well as the interband Coulomb matrix elements are not directly accessible from the adopted model, we will consider these quantities as parameters. To explore 2D signatures of the interband interactions, the interactions strengths will be varied in a broad range.
A. Excitation Regime ω0 ≈ Eg.
First, we consider the case shown in panel (a) of Fig. 3 , in which pulse central frequency is resonant with the lowest exciton state, |x 1 , i.e., ω 0 ≈ E g . Under this condition, the double excitation energy corresponds to the Coulomb coupled even-parity lowest biexciton state, |xx 2 and even-parity exciton state |x 2 . These sates are allowed for optical transitions from |x 1 . According to the adopted effective mass model, we set ω depend on the same valence-toconduction band matrix elements, we set them equal. The intraband exciton transition dipole, µ x 21 , vanishes in bulk semiconductors due to the quasimomentum conservation constraint. In NCs, this constraint is relaxed and the intraband transitions can acquire some oscillator strength. Therefore, we consider three different cases in which µ . In general, double-quantum coherence signal associated with so defined level scheme is a superposition of S 1 , S 2 , S 3 , and S 4 components (Appendix C and Fig. 2 ).
To start, we set µ x 21 = 0 reducing the total signal to the S 2 component which is associated with the pathway involving no interband propagation (Fig. 2) . The corresponding 2D spectra are shown in column (a) of Fig. (4) . For V x,xx 2 = 0 (upper panel), the 2D spectrum contains two (Ω 3 , Ω 2 )-cross-peaks. Namely, peak 1 at (ω , ω 2+ ) emerge. Here, ω 2± denotes mixed (quasiparticle) energy of coupled |x 2 and |xx 2 states given by Eq. (C5). Accordingly, the increase in the interband coupling leads to the increase in the energy splitting between the cross-peaks as observed in Fig. 4 .
Setting µ
to finite values at V x,xx 2 = 0 (upper panels in column (b) and (c) of Fig. 4) , adds S 1 contribution to the 2D signal which is solely associated with the intraband exciton transitions (Fig. 2) . This leads to the appearance of already seen cross-peaks 1 and 2 , whose intensities increase as µ x 21 increases. Adding the interband Coulomb interaction (middle and lower panels in column (b) and (c)) adds the contributions from the S 3 and S 4 signal components associated with the interband propagation (Fig. 2) . However, the resonances associated with these components overlap with already existing cross-peaks 1, 2, and 1 , 2 . The interference of all pathways contributing to the cross-peaks can lead to dramatic variation in their intensities. As observed in middle and lower panels of column (b), the increase of the Coulomb coupling reduces the intensities of cross-peaks 1 and 2. For equal strength of inter-and intraband transition dipoles (column (c)) and strong interband coupling (lower panel), cross-peaks 1, 2 vanish. This effect can be rationalized through the formation of symmetric, |2+ = 1/ √ 2(|x 2 + |xx 2 ) and antisymmetric, |2− = 1/ √ 2(|x 2 − |xx 2 ), superpositions of the coupled states where the latter one is optically "dark".
Finally, we note that in the excitation regime ω 0 ≈ E g , the contributions of signal components S 1 through S 4 correspond to the cross-peak patterns that do not allow one to qualitatively distinguish between the effect of the interband Coulomb interactions associated with the components S 3 and S 4 (Fig. 2) and the intraband dipole transitions accounted for in S 1 (Fig. (2) ). This conclusion immediately follows from the comparison of the middle panel in column (a) and the upper one in column (b), which have the same cross-peak patterns. Therefore, considered excitation regime does not allow one to obtain a clear signatures of the interband Coulomb interactions. As we show next, the situation is quite different for the excitation regime shown in Fig. 3 (b) .
B. Excitation Regime ω0 2Eg.
According to the adopted effective mass model, the lowest odd-parity biexciton state in NCs is second-tolowest biexciton state whose energy is slightly higher than 2E g . This biexciton is Coulomb coupled to an exciton state of the same parity. Since the latter exciton state is optically allowed, we turn pulse central frequency in resonance with this state. This leads to the excitation regime shown in Fig. 3 (b) . Following, the notations used here for the five-level system, we denote the coupled exciton and biexciton states as |x 1 and |xx 1 , respectively. Solving the effective mass model for PbSe NCs 45 as well as adding the binding energies, we set ω 2Eg in NCs shown schematically in Fig. 3 (b) . The interband transition dipoles are set to (a) µ Coulomb interactions. However, they belong to the highenergy region where these interactions are much weaker than V x,xx 1 and therefore we set V . In general, double-quantum coherence signal associated with such defined level scheme (Fig. 3 a) is a superposition of S 1 , S 2 , S 5 , and S 6 components (Appendix C and Fig. 2) . Fig. 5 (a) shows double-quantum coherence spectra in the case when the intraband optical transitions are forbidden, i.e., µ column (a) ), the spectrum is solely due to S 2 component and contains cross-peaks 1 and 2 at (ω Fig. 5 (b) . Specifically, the cross-peaks 1 , 2 , 3 , and 4 emerge at (ω 1− , ω
2 ), respectively. These resonances result from the contributions of S 1 , S 5 , and S 6 signal components. These components also provide additional contributions to cross-peaks 1 − 4. As the Coulomb interaction rises from top to bottom of column (b), the interference effect similar to that in Fig. 4 (b) and (c), affects the intensity of the cross-peaks.
Comparison of columns (a) and (b) in Fig. (4) , shows that the adopted excitation regime allows one to distinguish between the effects of the interband Coulomb interaction and intraband optical transitions: If V 
IV. CONCLUSIONS
Using previously developed exciton scattering models accounting for the Coulomb interactions between exciton and biexciton states, we have derived closed expressions for 2D double-quantum coherence signal. In general, the Liouville space pathways contributing to the signal account for the interband scattering processes and the effect of the inter-and intraband optical transitions. The interplay of these two effects is important to take into account considering spectroscopic probe of photoexcited carrier dynamics in semiconductor NCs. Presence of the intraband optical transitions and the interband scattering effect corresponds to the formation of new cross-peaks in the 2D spectra. To find clear spectroscopic signatures of each of the effects, we have considered two excitation regimes and found that the last one, i.e. ω 0 2E g carries desired sensitivity. Although, the calculations performed here used effective mass model for PbSe NCs they can be considered rather model since unrealistic values for the biexciton binding energies and interband Coulomb couplings have been used. The analysis of realistic spectra would require more computational efforts and necessity to deal with large number of cross-peaks. However, the trends we have identified in the 2D spectra using our model system should be present and eventually sough in more realistic calculations and in the interpretation of experimental observations.
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Appendix A: The Exciton Scattering Formalism
In this Appendix, we provide a closed set of Eqs. (A1)-(A9) allowing one to calculate the Hilbert space Green function (Eq. (4)) using the scattering matrix formalism. Derivation details can be found in Ref. [29] .
We start with the Fourier representation of the timedomain Green function
in terms of the frequency domain counterpart
This quantity satisfies the following equation
whereĝ(ω) is the intraband free propagator
andT (ω) is the scattering operator
containing exciton scattering,T x , biexciton scattering, T xx , and the interband scattering, T x,xx , components.
For the projected Hamiltonian given by Eqs. (1)-(3) , the matrix elements of exciton (n = x) and biexciton (n = xx) free propagator have the following form
where the complex frequency,ωn k = ωn k − iγn k , contains the k-th frequency, ωn k , from the projected Hamiltonian (Eq. (2)), and the dephasing rate, γn k . The exciton (n = x) and biexciton (n = xx) scattering matrix elements satisfy a set of linear equations
with the self-energy matrix elements defined as
wherem = xx (m = x) ifn = x (n = xx). Finally, the interband scattering matrix elements can be obtained from the following linear transformation: In this Appendix, we use weak Coulomb limit of the exciton scattering model 29 to derive the double-quantum coherence signal. Adopted limiting case assumes that the interband Coulomb coupling is weak compared to the energy difference between coupled states and/or their broadening. This ultimately leads to the leading contribution of the interband Born (single) scattering event.
Retaining only leading Born contributions in Eqs. (A1)-(A9), one finds that the diagonal blocks in Eq. (4) are
Here, the complex frequenciesω
, and biexciton, γ xx k , dephasing rates, respectively.
In the adopted limit, the leading off-diagonal blocks in Eq. (4) become .
According to Eqs. (7)- (9), and the Green function representation given by Eqs. (10)- (12), double-quantum coherence signal becomes a sum of six components
where each component is a limiting value of the general signal components given by Eq. (14) and can be identified with the corresponding pathways in Fig. 2 . Terms S 7 and S 8 are neglected, since they have second order in V with c = 1, 2. The expressions for the coefficients A j and B j are listed in Table II and contain 
with c = 1, 2.
To obtain the signal considered in Sec. III A (Fig. 3 (a) ), one has to set V x,xx 1 = 0. This reduces contributions to the sum of S 1 , S 2 , S 3 , and S 4 components. The signal considered in Sec. III B (Fig. 3 (b) ) can be obtained by setting V x,xx 2 = 0. This results in the following non-vanishing contributions: S 1 , S 2 , S 5 , and S 6 .
